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Abstract 
In this article, an epidemic model of HIV/AIDS with treatment is observed. This model consists of five populations: 
susceptible, educated susceptible, exposed, HIV infected, and AIDS infected. Antiretroviral therapy (ART) is one type of 
treatment that can be given to individual that is infected by HIV. This medication can prevent the growth of the virus. 
Exposed individuals are given short term antiretroviral treatment called Post Exposure Profilaxis (PPP), while for infect-
ed individuals are given treatment by combining two or three types of antiretroviral drugs. Dynamical analysis is per-
formed by determining equilibrium points and local stability analysis. Based on the analysis results, two equilibrium 
points are obtained, namely disease free equilibrium point and endemic equilibrium points. The stability analysis shows 
that the free equilibrium point is locally asymptotically stable if  and the endemic equilibrium point is locally 
asymptotically stable under certain conditions. Numerical simulations show that giving two medications together has a 
greater effect in reducing the spread of the disease. 
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INTRODUCTION 
In medical science, diseases are differentiated 

into infectious and non infectious diseases. 
Infectious diseases are diseases caused by 
bacteria, fungi, viruses, and parasites that can 
spread through various media. Infectious diseas-
es are a big problem because they can lead to 
high relative mortality rates, as example is 
HIV/AIDS. 

AIDS (Acquired Immuno Deficiency Syndro-
me) was first identified in 1981 in Los Angeles, 
USA. Furthermore, in 1983 has identified the 
virus that causes AIDS is HIV (Human Immuno-
deficiency Virus), which is a virus that attacks and 
damage the human immune system [1]. The 
spread of HIV virus can occur through several 
media, such as sexual contact with HIV positive 
individuals, by sharing needles, by blood transfu-
sions from HIV positive individuals, and through 
the vertical transmission process, which is 
mother to child HIV transmission [2].  

Treatments that can be done to deal with the 
spread of HIV/AIDS is the treatment of post ex-
posure prophylaxis (PPP) and antiretroviral (ART). 
Exposure is an event that causes the risk of 
transmission. PPP treatment is a short term an-
tiretroviral treatment used to prevent infection 
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after a risk incident. This treatment should be 
given as soon as possible after exposure, which is 
in the range of two to four hours. It is stated that 
the provision of PPP after seventy two hours is 
declared ineffective [3], so it is recommended to 
provide treatment by combining two or three 
types of antiretroviral drugs. ARV treatment 
works by inhibiting the progression of HIV in 

 T-cells, so it can depress the course of the 
disease and improve the quality of life [2]. 

Some mathematical models related to the 
spread of HIV/AIDS have been studied by some 
researchers. In 2000, Culshaw [4] discussed a 
delay time differential equation model of HIV 
infection of  T-cells. In his study, Culshaw 
proposed a model for the spread of HIV infection 
in three compartments, i.e   and . 

In 2009, Cai [5] analyzed the model and sta-
bility of the HIV/AIDS epidemic with treatment. 
The process of transmission of the disease occurs 
due to the presence of susceptible individuals 
who interact with individuals exposed and infect-
ed with HIV. In this model, the HIV/AIDS epidem-
ic is divided into four compartments, that is . 
Each compartment states the subpopulation of 
susceptible individuals , exposed , infected 

, and AIDS infectious . 
In 2014, Mahato [6] analyzed the mathemati-

cal model of HIV/AIDS with vertical transmission. 
In this study, the disease epidemic model are 
expressed in four compartments, i.e , 
with the spread of the disease affected by verti-
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cal transmission, that is transmission from preg-
nant mother to the baby.  

Furthermore, in 2015, Basak [7] proposed a 
model of the HIV/AIDS epidemic which is ex-
pressed in four compartments, namely . 
The process of spreading of the disease is as-
sumed to occur due to the interaction between 
susceptible individuals with exposed and infected 
individuals. 

In 2016, Huo [8], examined the epidemic 
model of HIV/AIDS by providing treatment for 
infected individuals. Huo divided the compart-
ment model of HIV/AIDS epidemic into five parts, 
namely subpopulation of susceptible individuals 

, infected , AIDS infectious ), therapy 
recipients , and subpopulations for individuals 
who change sexual habits . In this model, HIV 
transmission occurs when there are susceptible 
individuals who interact with HIV infected indi-
viduals, thus forming a subpopulation of  with-
out exposed compartment. 

In 2016, Marsudi [9], analyzed the sensitivity 
of the HIV virus transmission model with the ef-
fect of screening and therapy. The disease model 
distribution compartment is divided into six, that 
is susceptible ), educated susceptible ), un-
aware infectives ), aware infectives ), ther-
apy infectives ), and AIDS infectious ). The 
spread of the virus is declared to occur due to the 
interaction between susceptible individuals with 
individual unaware infectives, aware infectives, 
and therapy infectives [9]. 

Different from previous research, this article 
examines the epidemic model of HIV/AIDS 
disease transmission with treatment based on 
modified results from previous studies of Huo [8] 
and Marsudi [9]. Modification is done by 
assuming the disease transmission occurs 
because of the interaction between susceptible 
individuals and infected individuals [8]. In addi-
tion, treatment is given directly to exposed and 
infected individuals without forming a subpopu-
lation of individual therapy. In this paper, dynam-
ical analysis is performed by determining the 
equilibrium points and analyzing their local stabil-
ity. Finally, numerical simulations are performed 
to verify the analytical results. 

MATERIALS AND METHODS 
Contruction Model 

In this article, the epidemic model of 
HIV/AIDS with treatment is expressed in five 
compartments. Each compartment describes the 
process of spreading the disease from one 
compartment to another compartment that is 

affected by time . In this study, the HIV/AIDS 
epidemic model is in the form of a nonlinear 
autonomous system. 

Determination of the Equilibrium Point 
In dynamical analysis, the first step is deter-

mining the equilibrium point of the model. The 
equilibrium point can be done by solving null-
cline. In general, the equilibrium point of the dis-
ease distribution model is divided into two types, 
namely the point of disease free equilibrium and 
endemic equilibrium, with each point represent-
ing whether or not there is a disease in a popula-
tion. 

Stability of the Equilibrium Point 
Stability analysis is done by linearizing the 

system of equations to form a Jacobian matrix. 
Linearization is done with purpose to transform 
the nonlinear system into linear, so the stability 
of the equilibrium points can be observed easily. 
Furthermore, based on the Jacobian matrix, the 
eigenvalue of the characteristic equation can be 
determined. If all eigenvalue are negative then 
the equilibrium point is locally asymptotically 
stable. On the other hand, it is unstable if at least 
there is one negative eigenvalue. 

Numerical Simulation 
Numerical simulations was performed to 

verify the analytic results and illustrate the be-
havior of the model. This step is done by using 
fourth order Runge Kutta method with MATLAB 
software. The parameter values should be 
choosen in order that can support the calculation 
result analytically. 

RESULT AND DISCUSSION 
Model Formulation 

The epidemic model of HIV/AIDS with treat-
ment is obtained based on modified studies [8] 
and [9]. Modification is done on the process of 
the spread occurrence of the illness which is as-
sumed as in the previous study [8]. The treat-
ment is given directly to subpopulation of ex-
posed and infected individuals with the aim of 
reducing the spread of the disease.  

The model consists of five subpopulations: 
subpopulation of susceptible individuals  ed-
ucated susceptible  exposed  HIV infect-
ed  and AIDS infected  Each population 

 is positive because it states population 
density. The compartment diagram of the epi-
demic model  with treatment is de-
scribed in Figure 1. 

The rate of change in the number of individu-
als susceptible subpopulation  is influenced by 
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several conditions, namely the birth rate denoted 
by , educational programs for susceptible indi-
viduals at rate , and natural death at rate  In 
addition, when susceptible individuals come in 
contact with HIV infected individuals, they 
become infected at rate  and then move to the 
exposed compartment.  

In educated susceptible subpopulation which 
is denoted by , the rate of change individuals 
number is affected by the presence of educated 
susceptible individuals at rate , natural death at 
rate  and the rate of exposed individuals 
become HIV infected individuals because of the 
effect of interacting with HIV infected individuals 
at rate . Furthermore, this subpopulation 
changes in the number of individuals are also 
affected by the presence of exposed individuals 
become susceptible individual again after receiv-
ing PPP treatment at rate  

 
Figure 1. Compartment diagram of HIV/AIDS epidemic 

model with treatment. 

The number of exposed subpopulation indi-
viduals  is increased due to effective contact 
between susceptible individuals  and HIV in-
fected individuals   at rate  as well as due 
to effective contact between educated suscepti-
ble individuals  and HIV infected individuals 

 at rate . Besides that, this compartment 
is influenced by the rate of exposed individuals 
become HIV infected individuals at rate , natu-
ral death at rate , PPP treatment for exposed 
individuals at rate , and there are HIV infected 
individuals which become exposed individual 
again after getting antiretroviral treatment (ART) 
at rate  

HIV infected subpopulation  is affected by 
parameters: , ,  , and ε. Parameter  
represents HIV transmission rate,   is the 
transmission rate from HIV infected 
subpopulation to AIDS infected subpopulation. 

Furthermore, there is an antiretroviral treatment 
(ART) for HIV infected individuals at rate . 

Finally, the change rate of AIDS subpopulation 
 is influenced by several parameters, such as, 

  and  defined as before and  denotes the 
death rate due to AIDS infection. 

Based on the description above, it is ob-
tained the following differential equation system 

 
 

 

 
 

 

 
 (1) 

 
 

 

  
 

with   

Equilibrium Point of Model 
In dynamical analysis, determining the equi-

librium point of the epidemic model  is 
obtained by solving the equation 

 Based on the sys-

tem (1), it is obtained the disease free equilibri-
um point  

  
The equilibrium point  means that there is 

no infected individual of HIV/AIDS in a 
population, so that the subpopulation of infected 
individuals, that is  are zero. Endemic 
equilibrium point is stated as 

  with  

 
 

 
 

 
 

 
 

and the equilibrium point  is obtained by solv-

ing the third degree polynomial equation as fol-
lows. 

 

(2) 

Equation (2) is equivalent to 
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    or      (3) 

with 

  

 
 

 

 

 
 

 
 

 
 

 
 

 
 

  

 
 

 
 

 
 

 
 

To simplify the solution step, first simplified 
equation (3) becomes 

 

which can be written in form 

 

(4) 

with 

 

and 
 

Based on equation (4) we obtained several possi-

ble equilibrium points   as follows. 

In order to obtain an equilibrium point  a posi-

tive real number, it must satisfy 

 
and the solution is divided into four cases: 
1.  and    

i. If , then there are two pos-
itive twin roots, that is 

 
ii. If  then there are two dif-

ferent positive roots, that is 

 

2. If  and  then one positive root is 
obtained, that is 

 

3. If  and  then obtained two posi-
tive roots, that is 

 

4. If  and  then one positive root is 
obtained, that is 

 

The equilibrium point  states that  
exsist in the population. This condition 
represents that in the population epidemic of 
HIV/AIDS disease will occur.  

Stability of the Equilibrium Point 
The stability analysis of the equilibrium point 

is investigated by linearizing of system (1). From 
this linearization, it is obtained the following 
Jacobian matrix 

 

The Jacobian matrix of the disease free and en-
demic equilibrium points is obtained by substitut-
ing each equilibrium point in the Jacobian matrix.  

Teorema 1. The disease free equilibrium point 
 of epidemic model  is locally asymp-

totically stable if   

Proof. If it is given a disease free equilibrium 
point 

, then 

the Jacobian matrix  is as follows 

 

The eigenvalues of the  matrix are obtained 
by solving the characteristic equation 

 

The eigenvalues of the above matrix are 
 

whereas for  and  are obtained by determin-
ing trace value and determinant of the submatrix  

 
 

and 
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Suppose 

 

then 

 

Based on above description, if <1 then all 
eigenvalues are negative. It indicates that the 
disease free equilibrium point is locally asymptot-
ically stable.  

Teorema 2. The endemic equilibrium point  
of epidemic model  is locally 
asymptotically stable if and only if 

 and  

Proof. If an endemic equilibrium point is given 
, then the Jacobian 

 matrix is obtained as follows 

 

The eigenvalues of the  matrix are obtained 
by solving the equation 

 

The eigenvalues of this matrix are 
 while for 

 and  are obtained based on the solution 
of a third degree polynomial which is easier solve 
by using Routh Hurwitz criterion on [10].  

The general form of a polynomial equation of 
third degree is 

 

(5) 

By using Routh Hurwitz criterion, from 
equation (5)  the root of the real part is negative 
if and only if  and  

 Thus, the endemic equilibrium 
point is locally asymptotically stable. 

Numerical Method and Simulations 
In this section, the simulation results show 

the change of the number of individuals in each 

subpopulation  against time. Nume-
rical simulation is executed using MATLAB 
software which are presented in the following 
figures (see Fig. 2, Fig. 3, Fig. 4a, Fig. 4b and 4c). 

Figure 2 is conducted by using the following 
parameter values, 

   

. Based on these parameter val-

ues, it is obtained  The graph 

is shown with two different initial values, 

 and 
 with each solution con-

vergent toward the point 

. The solution behavior 
of the subpopulation  convergent toward point 

 and  converget to point , while 
subpopulation  tend to zero. This means, 
that all solutions move toward the point of dis-
ease free equilibrium  and the numerical 
simulations obtained are consistent with the re-
sults of the analysis that  is locally asymptoti-
cally stable. This condition indicates that there is 
no transmission of disease in the population. 

 

Figure 2. The solution of epidemic model  at the 

equilibrium point  

Figure 3 is illustrated to show the stability of 
the endemic equilibrium. Parameter values 

t (time) 

t (time) 
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are used in this simulation. These parameters 
satisfy case two with  
and , which implies the 
endemic will occur in the population. Moreover, 
it is obtained 

 
and .  

By Theorem 2, this indicates that the endemic 
equilibrium point is locally asimtotically stable 
which is supported by numerical simulation (Fig. 
3). The initial value used in this simulations are 

 and 
,  

it can be seen that all solution convergent to the 
point 

 

Based on these initial condition, the exposed 
and infected subpopulation convergent toward 
point  and  respectively as time 
tends to infinity. This condition implies that the 
disease remains in the population.  
 

  
Figure 3. The solution of   f at the endemic 

equilibrium  when  and  

In the HIV/AIDS epidemic model, it is 
introduced the parameters  and  represent-
ing PPP and antiretroviral treatment respectively 

which is used to help reducing the number of 
individuals exposed and HIV infected. Figure 4 (a, 
b, c) states that the changes in parameter values 
of  and  give a significant effect on the num-
ber of HIV infected individuals .  

This is indicated by increasing the values of  
and  in the model will result in decreasing the 
number of infected population. Even the infected 
population tends to zero along with the increas-
ing the values  and  simultaneously as indi-
cated in Figure 4c. The changing of the value  
and  is given in the legend of the figure. Figure 
4c also shows that by applying the PPP treatment 

 and ARV treatment  together give a 
greater effect than applying PPP treatment only 
on Figure 4a or ARV treatment only on Figure 4b. 
Therefore, to reduce the number of individuals  
is better if both treatments are applied together 
in order to obtain optimal results. 

 

 

  

 
 
 
 
 
 
 

Figure 4. The Effect of Changing Values. a)  on the sub-

population , b)  on the subpopulation , and c)  

and  on the subpopulation  

t (time) 

t (time) 

t (time) 

t (time) 

t (time) 

a) 

b) 

c) 

t (time) 
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CONCLUSION 
In this study, a HIV/AIDS epidemic model has 

been observed. The analysis results show that 
there are two equilibrium points of the model, 
namely the disease free equilibrium point which 
is locally asymptotically stable if   and an 
endemic equilibrium point which is locally as-
ymptotically stable under certain conditions. 

The numerical simulation performed support 
the the analytical result that has been obtained 
at the result and discussion section, so that both 
free disease and endemic solutions provide the 
appropriate results. In addition, the presence of 
antiretroviral treatment denoted by  and  
indicates that PPP and ARV treatment can be 
used to assist in reducing the number of HIV in-
fected. 
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