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This article discussed a dynamical analysis on a model of predator-prey Leslie-Gower with omnivores which is modified
by Lotka-Volterra model with omnivore. The dynamical analysis was done by determining the equilibrium point with its
existing condition and analyzing the local stability of the equilibrium point. Based on the analysis, there are seven points
of equilibrium. Three of them always exist while the four others exist under certain conditions. Four points of
equilibrium, which are unstable, while the others three equilibrium point are local asymptotically stable under certain
conditions. Moreover, numerical simulations were also conducted to illustrate the analytics. The results of numerical

simulations agree with the results of the dynamical analysis.
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INTRODUCTION

Lotka-Volterra model was firstly introduced
Lotka in 1925 and Volterra in 1926 [1]. Lotka-
Volterra’s study has produced a simple model of
predation or interaction between two species in
an ecosystem. They also have introduced classi-
cal Lotka-Volterra model, which is currently de-
veloped by researchers [2].

In 1948, Leslie discussed Lotka-Volterra mod-
el and found impossibility in a model, which is
infinity in predator growth [3]. Therefore, Leslie
and Gower introduced a new name’s predator-
prey model, which is modification of Lotka-
Volterra’s model. The model is known as Leslie-
Gower Predator-Prey Model. Leslie-Gower have
modified Lotka-Volterra’s predator-prey model
by assuming that the predation of predator is
limited, which means that the predation of pred-
ator will not more carrying capacity of prey.
Leslie-Gower two dimension models as:

dx

ar =(n —a,y—bxlx

ay ¥

o= (el (1)

with x(t} state the population density of prey
and y(t) state the population density of preda-
tor.

In 2015, Andayani and Kusumawinahyu [4] a
three species predator — prey model, the third
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species are omnivores. This model is constructed
by assumming there are just three species in such
an ecosystem. The first species, called as prey
(rice plant), the prey for the second and the third
species. The second species, called as predator
(carrion), only feeds on the first species and can
extinct with prey. The third species, namely om-
nivores (mouse), eat the prey and carcasses of
predator. Consequently, omnivores of predator
only reduces the prey population but does not
affect the predator growth. Assumed that the
prey population grow logistically and any compe-
tition between omnivores [5]. Based on these
assumption, the mathematical model represent-
ing those growth density of population rates by
nonlinear ordinary differential equation system,
namely

dx

Ez_r{l.—y—z—bx].

'T— il —

n‘t_J{ €+ x) 2)
% 2)
dt—z—§+f.r+gj — B=).

In this model, x (£}, ¥(t} and z(t) the density
of prey, predator, and omnivore populations,
respectively. All parameter of model (2) are posi-
tive. The death rates of the predator and omni-
vore are denoted by ¢ and &, respectively. The
parameter f rivalry toward prey that effect in-
creases of omnivore population, while the pa-
rameter g rivalry toward prey that effect in-
creases of omnivore population. Parameter & and
B carrying the capacity of the prey and omni-
vore, respectively [5]. The aim of this study is a
dynamical analysis on a model of predator-prey

ISSN. 2087-2852
E-ISSN. 2338-1655



Predator-Prey Model Leslie-Gower with Omnivore

(Exviani et al)

Leslie-Gower with omnivores which is modified
by Lotka-Volterra model with omnivore.

MATERIAL AND METHOD

In this study, predator-prey model by Leslie-
Gower with omnivore. This model is constructed
by assumming the third species are omnivores.
This model is constructed by assumming there
are just three species in such an ecosystem. The
first species, called as prey (rice plant), the prey
for the second and the third species. The second
species, called as predator (carrion), only feeds
on the first species and can extinct with prey. The
third species, namely omnivores (mouse), eat the
prey and carcasses of predator. Consequently,
omnivores of predator only reduces the prey
population but does not affect the predator
growth. Assumed that the prey population grow

logistically and any competition between
omnivores.
Literature Study

Literature study related to the research pro-
cess, such as the literature discussing the Leslie-
Gower model, Lotka-Volterra model, omnivore,
and forward-backward sweep method [7-12]. We
also used other supporting references in problem
solving in this study. In the Lotka-Volterra
predator-prey model with omnivore, namely:

dx

? =x(1l —y—z— bx),

n’_Jt = _j'{—c-l—.r:l.

d=

i z{—e + fx + gy — B=z).

on this system has only five equilibrium point’s,
namely:

E, = (0.0.0)

E (1 nn)
LTy

E, = (&1 - be.0)

E, (H'E.n.f_bg)
f+8bh f—fb
. (Cl.ﬂil—brﬂ—(fc—9)|3('1—56)+f(fc—9))

s gt g g+g

To accommodate biological meaning, the
existence conditions for the equilibria require

that they are nonnegative. It is obvious that Ej
dan E, always exist, E; exist if be << 1, E; exist if
f = be and E; the densities of omnivores and
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predators 1 — bc has to be positive. Then, E,
existif be < Land 0 < fc —e = B(1 — be).

While, predator-prey model by Leslie-Gower
with omnivore has seven equilibrium points (Ta-
ble 1). So the predator-prey model by Leslie-
Gower model with omnivores is more concrete in
this case.

Table 1. Equilibrium Points of predator-prey model by
Leslie-Gower with omnivore

Equilibrium . .
. Existence Requirement
Points

E, = (0.0.0) -
kg -
E, = (u. .n)
83
r -
E, = (—l.n.n)
'[Jl

E—l- = [U'y_;'z-l-)
E. = (x;.ﬂ.z;j
Eg = [xs-J‘E,-U)
E. = [_r;.j‘f.z;)

cykry = a0
ricy = oy
a7y = bk

&

.
':-1:'"1 + I:'lb3 = _1 (b:ﬁ'_j_ + IJ-.
£3

c3)

MATHEMATICAL MODEL

This study constructs Lotka-Volterra’s preda-
tor-prey model with omnivore (2). This model is
developed by modify the predator that previous-
ly used Lotka-Volterra’s form to Leslie-Gower’s,
which was examined by Leslie-Gower. This is
based on the fact that predator depends on the
available number of prey to establish. Therefore,
the model is stated to be in the following equa-
tion system (3):

6

e xlr — byx — Boy — baz),

dy s

E_j(rz_x+kj)' (3)
dz

E = z{—cj_+ CaX + 03V — c4z]

with x = x(£), y = y(t), and z = z(t) state the
population density of prey, predator, and omni-
vore. All of the parameters are positive in value.

Parameters *; and *; respectively show intrinsic
growth of prey and predator. by is the coeffcient
of competition between prey, &5 is the predator
interaction coefficient between predator to prey
and by is a predatory interaction between
omnivores against prey. Whereas @; is an
interaction parameter between predators and
parameter & is a parameter of protection against
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predators. Parameter £ is omnivorous natural
death, s partially omnivorous predictor

&

coefficient to prey, 3 as predator coefficient of

predator carcass, £y is competition between
(a,y)
omnivorous population. While, tribal form - "_}
La+k
can be interpreted as scarcity of prey may
stimulate predators to replace foot sources with
other alternatives. Therefore, it is assumed that
predators depend not only on prey, but
predators can eat other than prey in the prey
environment. So in this article it is modeled by
adding a positive constant & to the division.

RESULT AND DISCUSSION

All parameters of Equation (3.1) in this study
are assumed positive in value. Parameters 1; and
1= consecutively show intrinsic growth of prey
and predator. B, is the competition coefficient
among preys, I is the predation interaction co-
efficient between predator and prey, and &3 is
the predation interaction between omnivore and
prey. Meanwhile, @ is the interaction parameter
among predators, and parameter k is the protec-
tion parameter against predator. Parameter c; is
the natural death of omnivore, 2 is the preda-
tion coefficient of omnivore on prey, ¢z is the
predation coefficient on the carcass of predator,
and ¢, is the competition among omnivore popu-
lations.

Equilibrium Point and Existence
The point of Equilibrium (3) is solution for
sytem:

xlr —byx — b,y — byzl =0,
j‘(:'"- i j‘) =10
© x4
z{—c, + cax + 03y — g4z} = 0.

The system has seven points of equilibrium,

namely E, =(0.0.0), E = (U:—ﬁﬂ) and

E, = (?un] in which the three points exist
1

unconditionally, equilibrium point

ok carak—cqaa . . .
E, = (Dc—ht‘—n') exists with the condi-
tion of 31k = a.c, , equilibrium point
ricg+bye cafy—cy B . .
E. = ( =L g, 2L '_') exists if
Caby+CgDy Caba+Cgy
Z = gay = ooyby, equilibrium point
naz—brak malrg+b k) . .
EE,:('_' _"".'_'_"‘.U) exists if
Q04 +03F; Qa0 +037;
a1y = bokr. Equilibrium

point E,— = ':_1'.—._‘_|‘.—.Z.—:] with
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a1y + e by — kb, — mleghy
Xy =

Gabyey + Bacoby + 1abacy + 1ighy
_ ralrycy + €yby + kb, ¢, + keyby)
¥1= a bycy +axcaby + robacy + racghy

ry ety +F@aba+byrokey—byaac —baroc —Barakea

- = " - " "
' FaDa Cg+TalgDz+a ;0 Cg+a0;03

exists if ¢y + byey = E_I':I’:ﬁ'.t + by ).
3

Stability Analysis
The local stability of system (3) for each
equilibrium point is as follows.
a) E, = (0,0,0)is unstable

b) E. = {U.E.U) is stable if 1y a: < bk
2 az
and cyin k = €04
c) E; = (%, l:l,l:l) is unstable

i’:k fgi’:k—fﬂ::

d) E4:{EI. ] is stable if

2’ Cgllz

cyty +opby < %{b:c4+ bycq)

ricg+Bac CaFy—CqBy ™ .

e) Eg ={ = g, 22 '_') is unstable
Calz+Cgly Cabg+Cgy
ri@z—barsk ralrp+b K .

f) Es ={' e S .EI) is unstable
QaDy+03217 Qa0 +D03T3

g) E = ':.r_—._j‘_—.z_—].

This stability analysis uses the criteria of
Routh-Hurwitz A* + A1* L+ BA4+ € =0. The
characteristic equation will have negative
roots if and only if A = 0, =0 and AE = C.
Therefore, it can be concluded that
AE —C =0, If the condition is met, the equi-
librium point of E- will be stable.

Proof
i Jacobi matrix system (3) for E; is
n 0 0
JIE} = [U mo 0 ] The three Eigen
00 —g

values of the matrix I{EL] are positive,
so E, is unstable.

ii. Jacobi matrix E, = (U.E.D) is
2 o
r bk 0 0 7
?’]_ - ﬂ:
1t
= — -1 0
iz
cqra ke
':I ':I _I:]_‘l'
which _has eigen va-\lues
i, = rL—%. Ao= -1, Ay =
L L

]
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. The equilibrium point {E:) stable, if
ras < bomkand ez k = 66,
Jacobi matrix on equilibrium point

E, = (:—:nn] is

r b 1 by
- —— _Lts
b by
0 s 0 .
0 0 Ca®y
—y + —
1t b,
has eigen values
A==, A=, A= —.::'L-I—% N9
1
E; unstable.
Jacobi matrix on equilibrium point
_ i"-r. f;i"—-h &8z
E4—([] P — )IS
1, —Bayy — bz, O 0
e
I= -— -1 0
a;
€Iy €3Iy
because x=0mn E—:_y =0, and
- X+K

—c;+ 2% + o3y — 32 = 0. so E; sta-

ble if

A,=n
T o BCy

r scy — bakrscy — By kr—cg + baa.cy

GaCy

e
E‘d_?"]_ + I'.:'ng <= _-{b:f:i + bgl:'g:].

vi.

—£; — 2042, + £33,

———(kney —a.c,) =0,

129

The equilibrium point E:  result

A, = = 0 sounstablel.

Jacobi matrix on the equilibrium
. ry@x—Barak ralry +Bby R
pomtEE:('_' e — )
Qa01+0;TF2 QB4 +0373
n—2bxg— by —haxg —byxg
azy” 2a,y
(E) = - T 0
& (x +K)° 'tk
0 0 —€) + oo + €3V
with,

n=bx—by—biz=0=n—-bx;- Ifzj’s =0,

0 _ ? _ L. b _ Ta
r:x+k3'_U:’x+k_g_:_’(x+k) T 4
z=10
SO

—-byx; —b.x —byx
3 a ¥y
E =] =— — s
J(E) . P 0
0 0 —c; + caxg + 63y
—byxg— 4 —bax —bgx
T ay
E )=l = - - -
|7 (E5) -l . Pt
0 0 Jos — 4
vy bam
=(Jy -1 ][u‘l'blf](i‘Fﬂ)‘l'ﬂ_";] 0,
) &y byay
=y -+t — )l —+—x[ =0
U J[ +(lx+ ]+ +k+ xl

result 4; <= 0, with used characeristic as
follow A4;4-=0A 1,4+ 1, <0 proven
that E; unstable.

Jacobi matrix on the equilibrium point vii.  Jacobi  matrix  on  equilibrium
E. = ({i’lfﬁﬁ'zfl 0 f:i’l-fuih:l point E; = (x7,y5,2;)

s aba+oydy” T Gaba+eaby by, —bax,  —Dbgx,

L Ebl‘rs' - '[JEZE- —IJ:I _'!J!-r Jf E ] ﬂnjr: Eﬂ-jr
= 0 n 0 74 = — i = 0 L

J(Es) = . : c+k)? Cxtk

. €I C3Zg —Cp — 20425 + C2Xg ¢r2- €277 —eyzy
Wlth’ —IJJ_J.'_—. —IJ:.ZC _ng
?’]_—IJJ_I—IJ:_‘J-‘—IJ33=U :':' ?‘L—IJLIE—IJEZE,:U, rﬂ:
¥y = D,. Jir{E":I = f;_ — ¥ 0 .
—atex ey —r=0= —otoxs—azn =0 N A
so

—b —b, —b
— s 2 gx Same of characteristic with use cofactor
JlEs) =| © r 0
; €.Z5 €325 —C4fs I expansion second line,
—byxe—1 —b.x —byx
|_,f':55] — Al = 0 1 — A 0 , —bli-.:—Jl —byx; —byx;
€225 £3Z5 —C3%5 — 4 bE) -al=| = - 0
s
B i B €y Eg E3Zg —cyz; — 4
—byxs — —bgx
=l —4,) L : = 0.
- €2Zg —£,z5 — 4
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?":: —b.x- —bgx; —byx,—4 —byx;
=—— - — ) =0
g, | c32; —ecpz;—4 €227 —c;z;— 4
= ——(a.bcygdxrz; + o byoyma,z, 4 as by, Az, + 6 by x4
i
+hacyrntxz: + byegmtxoz + an by At xs + @by A xg + aacy Atz
ta,c Az, + badn iy +a, AP + a, A ),
With declaration as:
F+ar+Bi+c=0
with,
A=z + bhyay + 1 = 0,
B =bycyx2: + bycox-z; + bymxg + oz, + aarntx, = 0,
c asby ey x 2 + A bgeamnx 2. + Baeytn xoz; + byegntxoz;
Based on criteria Routh-Hurwitz, the equilibrium
point E; local asymptotically stable if
A=0 C=0andAB —-C =10,
Numerical Simulation £y 8y = c3kry, Parameter being used

Numerical simulations are performed to see
the validity of numerical analysis using the
fourth-orde Runge-Kutta method to ilustrate the
results of the analysis. There are several cases
that are simulated in the discussion of this study,
as follows.

Simulation |
Simulation | (Fig. 1) show E; exists, and con-
ditions of stable E; are rja; < bykr; and

v =05, b =003 by =06 b =0L r, =
07,8, =02 k=03 ¢ =09 ¢ =025
e3 =02 ¢ =02

Thus, the equilibrium points of E; exists, E; exist,
E; exists, and E; exists. The numerical simulation
to equilibrium point E; = (0,1.05.0). This is rel-
evant to the analysis result which states that
equilibrium &4 is stable.

y(®)

X(t)

Figure 1. Portrait Phase System Equation 3.1 for simulation |

Simulation Il
Simulation Il, the stability conditions of E; are

Changed into J"iﬂ: = [J:k?": and I:'iﬂ: = C']k:"‘:.

parameter
r, =08,b, = 0.4,b, = 0.1,b, = 0.05,r, =
0.7. a; = 0.2,k = 0.3.¢, = 0.3,¢, = 0.25,

J.Exp. Life Sci. Vol. 8 No. 2, 2018

£y = 0.6.cy = 0.2, Thus, it produces E; exists,
E. exists, E; exists. Then, E; exists and is stable
toward equilibrium point, so the initial value
shows that E; is stable.
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()
V()

Figure 2. Portrait Phase System Equation 3.1 for Simulation Il

Simulation Il ry =088, =048,=01L5 =005r, =
The stability conditions in simulation Il of E; 0.7,a, = 0.2,k = 0.3,¢; = 0.9, ¢, = 0.25,

are changed into @, = bkr;  dan ¢; = 0.2, ¢, = 0.2. Thus, itproduces E,

£y8y = cykry, parameter exists, E; exists, E; exists, E; exists, and Eg ex-

ists, but, in this case, it does not go to any point,
so it exists but is unstable.

\
|

1V |
NS

- —(~

AR

K<\

- ) e EB=(7.14304429)
T E2=(0,1.050) o - i
E6=(0263L.867,0) — ES=(16,00) —

\BI=(0:0,0) @

I

50

y(t) x(t)
Figure 3. Portrait Phase System Equation 3.1 for Simulation IlI

Simmulation IV ry = 07,8, =02,k =03,¢, =03, ¢, =

The stability conditions in simulation IV, of Ey 0.23,
are  changed into 7y a; < bykr;  dan c; = 0.6.cy; = 0LZ. Thus, it produces E; exists,
€1@; < c3hTy, parameter E, exists, E; exists, E; exists, and E: exists and
ry, =058, =06 b; =0Lbk =005 unstable.

T E4=(0,07234.(
N :455,:;’7321’@ 1.

y(® x(t)
Figure 4. portrait phase system equation 3.1 for simulation IV
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Simulation V:
Stability condition

ok
eyt +oyby = — (byc, + bycy). the fifth sim-
ulation is conducted to show the stability charac-
teristics of equilibrium point E;. Based on the
existence condition and the stability of equilibri-

um point E,. parameter

y(® °

132

v, =058, =040b; =015 =005,r =
09,8, =02,k =0.5¢ = 03¢ =025

£y = 0.6.cy; = OLZ. Thus, it produces E; exists,
E, exists, E; exists, E; exists, and E; exists to-
wards equilibrium point E;. This is relevant to the
analysis result which states that the equilibrium
point is stable.

1000

x(t)

Figure 5. Portrait Phase System Equation 3.1 for Simulation V

CONCLUSION

The conclusions that are drawn based on the
discussion of the thesis are as follows. Predator-
prey model by Leslie-Gower with omnivore is
obtained in a form of common differential
equation system. There are seven equilibrium
points in the model, there are three of them, i.e.
E,.E, and E;, unconditionally exist and the other
four, i.e. E;. Ez, E; and E5, conditionally exist. Of
the seven equilibrium points, three of them, E,.
E,.E, dan E5, have stability condition.
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